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It is shown that a steady-state problem of heat conduction theory for 
a wedge releasing heat according to Newton's law is reduced, by means 
of an integral transformation, to solution of a certain functional equa- 
tion. For a wedge angle of 2), = ~r/m (m = 1, 2, 3 . . . .  ) an exact solu- 
tion of the latter equation is found, and formulas for the temperature 
distribution ate obtained. 

In this paper  the method of solut ion of heat  conduc-  
t ion theory p r o b l e m s  desc r ibed  in [1] is  used to solve 
s t a t i ona ry  p rob l ems  for  wedge-shaped bodies ,  

where  T is  the unknown t e m p e r a t u r e ,  h is  the heat  
t r a n s f e r  coeff ic ient  

Q = a.ha.A~ 
a.G p-G a q- A a, 

1 Aq~-~cp-~+ 1 
- T  " Z a ~ '  

0 e lsewhere ,  

A a = _ ~  Q i n D  O-~Uq-hulr=O, (1) 
K On 

where  Q is  the amount  of heat  r e l e a s e d  in uni t  volume 
and uni t  t ime,  K is the t he rma l  conductivi ty,  and h 
is a pos i t ive  constant .  

Appl ica t ion of a R i e m a n n - M e l l i n  in teg ra l  t r a n s f o r -  
mat ion  al lows us  to reduce  the p rob lem (1) for  a 
wedge to solut ion of a f i r s t - o r d e r  funct ional  equation.  
We have examined  the case  of a l i n e a r  source  located 
on the wedge axis  of s y m m e t r y .  Fo r  wedge angles  of 
27 = 7r/m (m = 1,2,  3 . . . )  the solut ion of the funct ional  
equat ion is expres sed  in t e r m s  of the incomple te  gam-  
m a  funct ion,  and a complex potent ia l  of the p rob lem 
is obtained.  The fo rmu la s  der ived  in the spec ia l  cases  
m = 1 and m = 2 go over  to known exp re s s ions  for  the 
potent ia l  in a ha l f - space  and a r e c t angu l a r  wedge. 
Graphs  a r e  p resen ted  for  the t e m p e r a t u r e  d i s t r ibu t ion  
a long the wedge su r face  for  the cases  m = 1, 2, 3 
and for  c e r t a i n  values  of the d i m e n s i o n l e s s  p a r a m e t e r  
ha [2]. 

w Statement of the problem, and its reduction to 
the funct ional  equat ion.  We will  examine  a wedge with 
a ve r tex  angle 2T within which is  located a beat  sou rce  
s y m m e t r i c a l  r e l a t ive  to the edges (9 = O, p = a), the 
sou rce  be ing  rega rded  as the l imi t ing  case  of a p r i s m ,  
and r e l e a s i n g  a cons tant  amount  of heat  pe r  uni t  length.  
If we choose a sy s t em of cy l indr i ca l  coord ina tes  p, 9 ,  
z (the z axis  coincides  with the edge of the wedge, and 
the plane q~ = 0 is i ts  p lane of s y m m e t r y  [Fig. 1]), the 
p rob l em reduces  to solut ion of the heat  conduct ion 
equation 

1 a {pOT~ 1 0 2 T  Q 

p a p  ~ o p ]  + p-~ aq~ K '  

OKp<co, --y<~<? (2) 

with the boundary condition 

1 OT•177 0-<p--~..~, (3) 
p 3~ 

~ q  

x 

~---T 

Fig.  1. Wedge with ve r t ex  angle 2T. 

and q is  the amount  of heat  emi t ted  by the source  in 
uni t  t ime  pe r  uni t  length.  

Applying a Mel l in  t r a n s f o r m a t i o n  to (2) and (3) and 
pa s s i ng  to the l i m i t  Aa ~ 0, we obtain 

d~-T }_ 
d ~ -  p~-= 

qaP 1 A~s..cp.(. 1 
KAr 2 - ~  hq~ (4) 

0 e l sewhere  

with the condi t ion 

dT(p-- l )  
dcp 

where  

• hT(p) ~=~v--O, (5) 

T= i PP-IT(PcP)dP' 0 < R e p < o .  (6) 
0 
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T h e  i n t e g r a l  o f  ( 4 ) ,  e v e n  w i t h  r e s p e c t  t o  q ~ ,  w i l l  b e *  

T ( p ~ 0 )  = A ( p )  c o s  p q )  - b  q a "  s i n  p (  ~l  - -  [ r  ( 7 )  
2 K p  c o s  p 

S u b s t i t u t i n g  ( 7 )  i n t o  ( 5 ) ,  w e  h a v e  f o r  A ( p )  t h e  f u n c -  
t i o n a l  e q u a t i o n  

h A ( p  + 1 )  c o s  ( p  - + - 1 )  y = p A ( p ) s i n p  y - { -  
q a p  

2 K  c o s  p u 
�9 ( 8 )  

W e  i n t r o d u c e  a n e w  u n k n o w n  f u n c t i o n  u ( p ) ,  c o n -  
n e c t e d  w i t h  A ( p )  b y  t h e  r e l a t i o n  

u ( p )  = ~ A ( p )  c o s  p y .  ( 9 )  

T h e n  ( 8 )  m a y  b e  w r i t t e n  i n  t h e  f o r m  

h u ( p  + l )  = p t g p  y u ( p )  + - -  
a p 

2 c o s  p ~/  
( 1 0 )  

I f  t h e r e  i s  a s o l u t i o n  o f  t h e  f u n c t i o n a l  e q u a t i o n  ( 1 0 ) ,  
t h e n  t h e  t e m p e r a t u r e  i s  f o u n d  f r o m  t h e  R i e m a n n - M e l -  
l i n  i n v e r s i o n  f o r m u l a  

i .  

T =  1 - ~ - -  p - p T ( p ~ ) d p ,  0 < R e p < a .  ( 1 1 )  
2 ~  i 

L 

w  S o l u t i o n  o f  t h e  f u n c t i o n a l  e q u a t i o n .  W e  w i l l  
e x a m i n e  t h e  s o l u t i o n  o f  t h e  f u n c t i o n a l  E q .  ( 1 0 ) u n d e r  
t h e  a s s u m p t i o n  t h a t  2 T  = v / m  ( m  = 1 ,  2 ,  3 . . . . .  N )  a n d  
s h o w  t h a t  i n  t h i s  c a s e  t h e  s o l u t i o n  m a y  b e  e x p r e s s e d  
i n  f i n i t e  f o r m  i n  t e r m s  o f  t h e  i n c o m p l e t e  g a m m a  f u n c -  
t i o n .  

T h e  g e n e r a l  s o l u t i o n  o f  t h e  f u n c t i o n a l  E q .  ( 1 0 )  w i l l  
b e  [ 5 ]  

u ( p )  = u ( p )  + C u  o ( p ) ,  ( 1 2 )  

w h e r e  f i ( p )  i s  a p a r t i c u l a r  s o l u t i o n  o f  t h e  i n h o m o g e -  
n e o u s  e q u a t i o n ;  u 0 ( P )  i s  a s o l u t i o n  o f  t h e  c o r r e s p o n d -  
i n g  h o m o g e n e o u s  e q u a t i o n ;  C i s  a n  a r b i t r a r y  f u n c t i o n  
w i t h  p e r i o d  u n i t y .  

I t  i s  n o t  d i f f i c u l t  t o  v e r i f y  t h a t  

F ( P )  ( 1 3 )  u o  ( p )  = , . - I  
hP 1 7  s i n  ( p  -k-  k )  V 

k : 0  

w h e r e  3,  = ~ / 2 m .  
T o  f i n d  t h e  p a r t i c u l a r  s o l u t i o n  o f  ( 1 0 ) ,  w e  i n t r o d u c e  

t h e  a u x i l i a r y  f u n c t i o n s  

I 
F ( p ,  a ,  [$) ---- 2 ~  { e x p  [ h a  e x p  ( ]  IS) - -  ] u ] "  F [ p ;  h a  e x p  ( ]  IS)]  - ~  

- t -  e x p  [ h a  e x p  ( - -  ] ~ )  -{ -  ] ~ l "  F [ P ;  h a  e x p  ( - -  ] ~ ) l }  ( 1 4 )  

* I t  i s  n e c e s s a r y  t o  g o  t o  t h e  l i m i t  A ~ 0  ~ O .  

( w h e r e  F ( p ; z )  i s  t h e  i n c o m p l e t e  g a m m a  f u n c t i o n )  a n d  

m ~ l  

o , .  ( p )  = 2 ~ - ,  1 - ]  s i n  ( p  + k )  
k = l  2 m '  

r n  = 1 ,  2 ,  3 . . . .  ( 1 5 )  

F u n c t i o n  ( 1 4 )  s a t i s f i e s  t h e  e q u a t i o n  

h F  ( p  + l ;  a ;  [ $ ) - - - - - p F ( p ;  a ;  [J) + a P c o s ( p [ ~ - - a )  ( 1 6 )  

a n d  a d m i t s  t h e  i n t e g r a l  r e p r e s e n t a t i o n  [ 4 ]  

F ( p ;  a ;  p)  = 1~ ( p )  s i n  ~ p • 
g 

~'  e x p ( - - , s a c o s ~ ) c o s ( ~ a s i n f ~ + a )  d r .  ( 1 7 )  
x l  

~,p ( ~  + h )  
0 

F u n c t i o n  ( 1 5 )  s a t i s f i e s  t h e  e q u a t i o n  

( I ) m ( p  + 1 )  s i n ( p  + l ) y  ~ ( I ) m ( p ) e o s p u  ( 1 8 )  

w h e r e  y = 7 r / 2 m ,  m = 1 ,  2 ,  3 . . . . .  N .  
A s o l u t i o n  o f  ( 1 8 )  m a y  b e  o b t a i n e d  i n d e p e n d e n t l y  o f  

( 1 5 )  i n  t h e  f o r m  o f  a t r i g o n o m e t r i c a l  p o l y n o m i a l  b y  
u s i n g  t h e  m e t h o d  d e s c r i b e d  i n  [ 1 ] ,  w h i c h  a l l o w s  o n e  
t o  o b t a i n  t h e  e x p a n s i o n  

r n - - !  

2 z - 2  H s i n  ( p  -{ -  k )  ~ = 
2 m  k = l  

l b n  c o s  2 n p  u - -  - -  2 y  = 

b n c o s  2 n - - 1 )  p y ~  4 2 s  

s = l ,  2 ,  3 . . . .  ( 1 9 )  

$ - - n  1 
l [  c t g k y ;  ~ = u / 2 m .  w h e r e  b .  = ~ c t g k ~ / ;  bo  = - ~ - k = l  

k = l  

T h e n  t h e  g e n e r a l  s o l u t i o n  o f  ( 1 0 )  m a y  b e  w r i t t e n  i n  
t h e  f o r m  

$ 

b n  F ( P ;  a n ;  [~n)  .4- C F ( p )  

u ( p )  = " , ( 2 0 )  
m - - I  

2 r n - 1  I - [  s i n  ( p  + k )  y 
k = 0  

w h e r e  

= ~ / 2 m ,  m - - - - l ,  2 ,  3 ,  . . . ,  N ;  
$ - - r t  1 

f i  e t g  k ~ , ;  b ,  = I - [  c t g  k ~ ;  bo  = - ~ -  k = l  
k = l  

a , - - - - n ~ : / 2 ;  ~ = 2 n ~ , ,  n = 0 ,  1 ,  2 ,  . . . ,  s ,  

m = 2 s + l ,  s = 0 ,  1 ,  2 . . . ;  

a ~ = ( 2 n - - 1 ) ~ : / 4 ,  [ I ,  = ( 2 n - - 1 ) y ,  n =  I ,  2 ,  3 . . . .  , s ,  

m = 2 s ,  s = l ,  2 , 3  . . . .  
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F o r m u l a  ( 2 0 )  i s  a g e n e r a l i z a t i o n  o f  t h e  w e l l - k n o w n  
c a s e s  o f  a h a l f - p l a n e  ( m  = 1 )  a n d  a r e c t a n g u l a r  w e d g e  
( m  = 2 ) .  I n  t h e s e  c a s e s  C = 0 . *  

w  T e m p e r a t u r e  d i s t r i b u t i o n  i n  a w e d g e  w i t h  v e r -  
t e x  a n g l e  2 7  = ~ / m  ( m  = I ,  2 ,  3 . . . .  , N ) .  T h e  f o r m a l  
s o l u t i o n  o f  t h e  p r o b l e m  e x a m i n e d  m a y  b e  o b t a i n e d  
w i t h  t h e  a i d  o f  t h e  R i e m a n n - M e l l i n  i n v e r s i o n  f o r m u l a  

T =  4 : [ K  p c o s p u  

" 4 - ~  p - p u ( p )  cospq~.cospy d p } =  

L 

= T ~  + T v ( 2 1 )  

E v a l u a t i o n  o f  t h e  f i r s t  i n t e g r a l  g i v e s  [ 3 ]  

p ~  + 2 a  .~  Or"  c o s  r n  q~ + a s 'n ( 2 2 )  T ,  = q I n  ' ' 
4 u  K p~, , ,  _ _  2 a  m p m  c o s  m q~ + a ~ m  

W e  w i l l  b r i e f l y  e x a m i n e  o n e  p o s s i b l e  m e t h o d  o f  c a l -  
c u l a t i n g  t h e  s e c o n d  c o n t o u r  i n t e g r a l ,  f o r  w h i c h  t h e  
f o l l o w i n g  e q u a l i t i e s  a r e  r e q u i r e d  [ 4 ] :  

m - - t  m - - I  

s i n n p  - - - 2 ~ - '  [ 1  s i n ( p - l - k )  ~ m  l - ]  c o s ( p + k )  - ~ - ~  
k = o  k = o  2 m '  

r e - = t ,  2 ,  3 . . . . .  N ;  ( 2 3 )  

l y  
2 ~  i 6,p)p 

L 

r ( p ) c o s ( p ~  + ' a )  d p  = 

= e x p  ( ~  v p  c o s l ~ )  c o s  ( v p  s i n  ~ + a ) ,  ( 2 4 )  

w h e r e  R e p > 0 ;  I{~] < ~ / 2 .  
F r o m  ( 1 7 ) ,  ( 1 9 ) ,  ( 2 0 ) ,  a n d  ( 2 3 )  w e  o b t a i n  

u ( p ) -  c o s  p q~. = .  
c o s  p u 

0 n 

• c o s  ( ~  a s i n  [ ~ ,  + a , )  

~ b . b k e x p ( - - v a c o s ~ . )  X ( 2 5 )  
k 

�9 c o s  [ ( ~  + r p + a k l i v  p @ + h ) }  d r .  

S u b s t i t u t i n g  ( 2 5 )  i n t o  ( 2 1 )  a n d  c h a n g i n g  t h e  o r d e r  
o f  i n t e g r a t i o n ,  w e  f i n d  f r o m  ( 2 4 )  t h a t  

0 n k 

- , ~ p  c o s  ( ~ k  + ~ )  } • 

• c o s ( r a s i n g .  + a ~ ) x  

x c o s  [ v p  s i n  ( [3k • r + a k ] l ( v  + h )  / d v .  
J 

( 2 6 )  

T h e  i n t e g r a l  i n  ( 2 6 )  m a y  b e  c a l c u l a t e d  i n  t h e  c o m -  
p l e x  p l a n e  ~ = p e x p  ( j g o )  a n d  e x p r e s s e d  i n  t e r m s  o f  t h e  

* I t  m a y  b e  s h o w n  t h a t  C = 0 f o r  a n y  m .  

i n t e g r a l  e x p o n e n t i a l  f u n c t i o n  E l ( z  ) [ 6 ] .  F o l l o w i n g  s i m -  
p l e  t r a n s f o r m a t i o n s  t h e  c o m p l e x  p o t e n t i a l  m a y  b e  
w r i t t e n  i n  t h e  f o r m *  

W =  q l n ~ ' W a . m +  
2 r ~ K  ~ m  _ _  a m 

+ ~ s s b . b k e x p t + _  i a .  ~_ i a k  + h a e x p ( V -  i ~ . ) +  
n k 

+ h ~ e x p ( - T -  i ~ k ) l X  E 1  [ h a e x p  ( - T  ] 6 . )  + h ~ e x p ( ~  ] ~ k ) ] ,  ( 2 7 )  

w h e r e  

$ - - n  

b n - ~ -  f ]  c t g  k y .  b o  = 
k = l  

1 
h c t g  k u  ~ / =  n l 2 m ,  m = 1,  2 ,  3 ,  N ;  

2 * ' ~  
k =  l 

~ , ,  = 2 n  u , a .  - ~  n n / 2 ,  n ~ O ,  

l ,  2 . . . .  , s ,  r n  = 2 s - 4 - 1 ,  s ' O ,  l ,  2 . . . ;  

~ n =  ( 2 n - - 1 ) ' f ,  a n = - ( 2 n - - 1 ) n / 4 ,  

n = l ,  2 ,  3 ,  . . , ,  s ,  m = 2 s ,  

s = l ,  2 ,  3 . . . ;  

E a ( z ) = ~  e x p ( - - u )  d u .  
J U 
z 

F i g u r e  2 s h o w s  t h e  d e p e n d e n c e  o f  h e a t  f l u x  d e n s i t y  
a t  t h e  w e d g e  t i p  (go  = T ;  P - -  0 )  o n  t h e  p a r a m e t e r  h a .  
T h e  l i m i t i n g  v a l u e s  h a  - -  o~  a n d  h a  ~ 0 o f  t h e  p a r a m -  
e t e r  c o r r e s p o n d  t o  t h e  w e l l - k n o w n  c a s e s  o f  b o u n d a r y  
c o n d i t i o n s  o f  t h e  f i r s t  a n d  s e c o n d  k i n d s .  F i g u r e  3 
s h o w s  t h e  d e r i v e d  c u r v e s  o f  t e m p e r a t u r e  d i s t r i b u t i o n  
f o r  t h e  c a s e s  m = 1 ,  2 ,  3 a n d  f o r  t w o  v a l u e s  o f  t h e  
p a r a m e t e r  h a .  T h e  m a x i m u m  v a l u e  o f  t e m p e r a t u r e  
i s  r e a c h e d  a t  a p p r o x i m a t e l y  t h e  p o i n t s  o f  p r o j e c t i o n  
o f  t h e  s o u r c e  o n  t h e  w e d g e  e d g e .  

S U M M A R Y  

T h e  m e t h o d  o f  i n t e g r a l  t r a n s f o r m s  w i t h  s u b s e q u e n t  
r e d u c t i o n  o f  t h e  p r o b l e m  t o  s o l u t i o n  o f  t h e  f u n c t i o n a l  
e q u a t i o n s  p e r m i t s  u s  t h e  e f f e c t i v e  s o l u t i o n  o f  c e r t a i n  
p r o b l e m s  i n  h e a t  c o n d u c t i o n  t h e o r y  w i t h  a b o u n d a r y  
c o n d i t i o n  o f  t h e  t h i r d  k i n d  [ 1 ] ,  U s i n g  t h i s  m e t h o d ,  i t  
i s  n o t  d i f f i c u l t  t o  g e n e r a l i z e  t h e  r e s u l t s  o b t a i n e d  a b o v e  
a n d  t o  c o n s t r u c t  t h e  G r e e n ' s  f u n c t i o n  f o r  a p l a n e  s t a -  
t i o n a r y  p r o b l e m  i n  p o t e n t i a l  t h e o r y  f o r  w e d g e - s h a p e d  
r e g i o n s  w i t h  a b o u n d a r y  c o n d i t i o n  o f  t h e  t h i r d  k i n d .  

* W e  h a v e  i n  m i n d  t h e  f o l l o w i n g  c o m b i n a t i o n  o f  s i g n s :  

+ i ~ . ;  - i ~ .  l ' -  i ~ . ;  + i ,% 
+ J % ; - - J ~ k ) ' ;  ' \+  J=k; - - ]~ ,~ . ) ;  
( + i ~ . ; - i ~ .  ( - / ~ . ;  + J ~ .  ) .  
- - i ~ k ;  + i , ~ k ) ;  + \ - - i ~ k ;  i , ~  



JOURNAL OF ENGINEERING PHYSICS 135 

REFERENCES 

1. N. N. Lebedev and I. P. Skal'skaya, ZhTF, 
34, 1556, 1964. 

2. H. Carslaw and J. Jaeger,  Conduction of Heat 
in Solids [Russian translation], Izd. Nauka, 1964. 

3. N. N. Lebedev, I. P. Skal'skaya, and Ya. S. 
Uflyand, Collected Problems in Mathematical Physics 
[in Russian], GITTL, 1955. 

4. I. S. Gradshtein and I. M. Ryzhik, Tables of 
Integrals,  Sums, Series and Products [in Russian], 
FM, 1962. 

5. Milne-Thomson, The Calculus of Finite Dif- 
ferences,  Macmillan, London, 1951. 

6. L. S. Bark, Tables of an Integral Exponential 
Function in the Complex Domain [in Russian], VTs. 
AN SSSR, no. 31, 1965, 

11 February 1966 Leningrad Polytechnic Institute 


